Mathematical models of physical phenomena by McKibben, William Pullin
I n p r e s e n t i n g t h e d i s s e r t a t i o n a s a p a r t i a l f u l f i l l m e n t o f 
t h e r e q u i r e m e n t s f o r a n a d v a n c e d d e g r e e f r o m t h e G e o r g i a 
I n s t i t u t e o f T e c h n o l o g y , I a g r e e t h a t t h e L i b r a r y o f t h e 
I n s t i t u t i o n s h a l l m a k e i t a v a i l a b l e f o r i n s p e c t i o n a n d 
c i r c u l a t i o n i n a c c o r d a n c e w i t h i t s r e g u l a t i o n s g o v e r n i n g 
m a t e r i a l s o f t h i s t y p e . I a g r e e t h a t p e r m i s s i o n t o c o p y 
f r o m , o r t o p u b l i s h f r o m , t h i s d i s s e r t a t i o n m a y b e g r a n t e d 
b y t h e p r o f e s s o r u n d e r w h o s e d i r e c t i o n i t w a s w r i t t e n , o r , 
I n h i s a b s e n c e , b y t h e d e a n o f t h e G r a d u a t e D i v i s i o n w h e n 
s u c h c o p y i n g o r p u b l i c a t i o n i s s o l e l y f o r s c h o l a r l y p u r p o s e s 
a n d d o e s n o t i n v o l v e p o t e n t i a l f i n a n c i a l g a i n . I t i s u n d e r ­
s t o o d t h a t a n y c o p y i n g f r o m , o r p u b l i c a t i o n o f , t h i s d i s s e r ­
t a t i o n w h i c h i n v o l v e s p o t e n t i a l f i n a n c i a l g a i n w i l l n o t b e 
a l l o w e d w i t h o u t w r i t t e n p e r m i s s i o n . 
MATHEMATICAL MODELS OF PHYSICAL PHENOMENA 
A THESIS 
Presented to 
the Faculty of the Graduate Division 
by 
William Pullin McKibben 
In Partial Fulfillment 
of the Requirements for the Degree 
Master of Science in Applied Mathematics 
Georgia Institute of Technology 
June, 1963 
MATHEMATICAL MODELS OF PHYSICAL PHENOMENA 
Approved; 
Date approved by Chairman;, 
ACKNOWLEDGMENTS 
I wish to express my sincere gratitude to Dr. M. B. Sledd, my 
thesis adviser, for his expert guidance in the preparation of this thesis. 
I also wish to thank the other two members of the reading committee, Dr. 
R. H. Kasriel and Dr. C. H. Braden, for their many helpful suggestions. 
In addition, I feel that special thanks are due Mrs. Jeanne Crawford for 
her excellent typing of this thesis on very short notice. 
TABLE OF CONTENTS 
Pag 
ACKNOWLEDGMENTS __ 
LIST OF ILLUSTRATIONS . . „ i v 
Chapter 
I. INTRODUCTION 1 
II. STATIC SYSTEM WITH DISTRIBUTED MASS . . . . . . . . . . . . . 5 
III. DYNAMIC SYSTEM WITH DISTRIBUTED MASS . 15 
IV. DYNAMICAL EQUATIONS FOR A PERFECT FLUID . . . . 25 
V. SOME WELL-KNOWN DIFFERENTIAL EQUATIONS OF MATHEMATICAL 
PHYSICS •••••••a»»»*000O0«!»4*00oo0*32 
Displacements in a Flexible String with External Force Applied 
Linear Flow of Heat in a Cylindrical Rod 
Electric Field Between Cylindrical Conductors 
VI. LOGICAL ERRORS AND SOME THOUGHTS ABOUT CORRECTING THEM . . . . 51 
iv 
LIST OF ILLUSTRATIONS 
Figure Page 
1* Spring in the Initial State . . . . . . . . . . . . . 6 
2(a). Up-Ended Spring . . . . . . . . . . . . . 6 
2(b). Up-Ended Spring . . . . . . . . . . . . . . . . . . . 6 
3. y(x) as a Function of x . . . . . . . 12 
4. Position of the System at a Fixed Time . . . . . . . . 15 
5 . Initial State of the System . . . . . . . . . . . . . 16 
6. Rectangular Parallelepiped R in A . . . . . . . . . 25 
7. Positions of the Vibrating String . . . . . . . . . . 33 
8. Cylindrical Rod . 41 
9. Coaxial Conductor . . . . . . . . . . . . . . . . . . 46 
10. Rectangular Parallelepiped R in A . . . . . . . . . 46 
CHAPTER I 
INTRODUCTION 
Even a simple physical phenomenon involves so many details and so 
many unknown features that complete analysis is usually out of the ques­
tion. Hence, a quantitative investigation normally begins with the con­
struction of a mathematical idealization which is intended to account 
for those characteristics of the physical system which are decisive in-
describing its behavior to the degree of completeness necessary for the 
purpose in mind. This idealization is commonly called a mathematical 
model. 
The derivations of such models which appear in technological 
books frequently contain logical gaps which are confusing to a beginner* 
Assumptions (either mathematical or physical) whi::h guide the derivation 
may not be clearly or fully stated. Reasoning couched in mathematical 
terms is often so vague that its intended meaning is undecipherable^ 
and if the apparent meaning is the intended meaning, then the reasoning 
is faulty (a prime example of this vagueness is the indiscriminate use 
of differentials and an accompanying failure to indicate the arguments 
on which functions depend). In fact, an authorfs success in arriving 
at the generally accepted answer often appears to be less dependent on 
the validity of the logic than on knowing the answer in advance. 
In analyzing physical phenomena it is possible to avoid these 
pitfalls, and the purpose of this study is to show how the use of a 
2 
few simple and wel-known theorems and some care in the application of 
mathematical concepts can clarify the mudle that so often precedes the 
model . Of course., "clarify" is used here in a special sense namely, 
to cope with the logical dificulties encountered and to resolve them, 
by a rational proces- The object of such eforts is to give deriva­
tions whic  are satisfying and reliable^  because they furnish models 
that are logical consequences of the asumptions and approximations on 
whic  they are based. 
It is obviously imposible to establish a procedure^  entirely 
applicable under al circumstances, for the derivation of a mathematical 
model. Every efective derivation., however, contains certain salient 
features whic  wil now be noted and explained, The atention of the 
reader is invited to them as they ocur in the various derivations of 
mathematical models presented in this study, 
(1) Physical Asumptions., The principles whic  are usualy 
thought of as physical laws are actualy approximations of the real, 
world stated in mathematical terms. If a mathematical model of a phys­
ical system is to be derived; then al the physical asumptions made 
about the system must be formulated so that the appropriate physi-al 
laws may be selected and employed in the derivation. 
(2) Mathematicl Asumptions and Nomenclature. The mathemati­
cal symbolism used in a derivation should be presented. In additon.- al 
mathematical asumptions should be clearly and unambiguously stated so 
that one may know whether the hypotheses of the theorems necesary to 
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justify the derivation are unequivocally satisfied. For example, a 
certain function may be required to be continuously differentiable., 
(3) Formal Derivation, The formal mathematical steps them­
selves should be logical consequences of clearly stated physical and 
mathematical assumptions. The crucial devices used in the derivation 
are the so-called model-building steps, which normally hinge on physical 
rather than mathematical reasoning. They should be made as simple and 
unchallengeable as possible, so that a reader will not get the impression 
that new assumptions have been surreptitiously introduced* 
(4) The Model. The derivation terminates with the mathematical 
model, which is supposedly an accurate representation of the physical 
model depicted by the assumptions given at the outset. The efficacy 
of the model depends, of course, on the validity of the original physi­
cal assumptions. 
Several examples are presented in the succeeding chapters of this 
thesis to illustrate the ideas just discussed and to demonstrate the use 
of well-known theorems and mathematical techniques in the derivations of 
mathematical models of physical phenomena. Chapters II and III are con­
cerned with mechanical systems involving linear springs whose distributed 
masses are not neglected. The example of Chapter II is a static system, 
and the corresponding model is relatively simple. The derivation of the 
model involves the consideration of a function of one real variable. 
Chapter II contains the only example in the thesis in which the mathe­
matical model is analyzed. The example of Chapter HI, in contrast., is 
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a dynamic system, and the relevant mathematical model is considerably 
more complicated. The construction of the model requires techniques 
more subtle than those in Chapter II$ and the complete derivation is 
not given, since a large portion of it is simply the application of rou­
tine methods of the calculus of variations. Only that part of the deri­
vation which serves the purpose of this study is presented. Chapter IV 
is a "patching up" of a derivation given in a physics text for the dynam­
ical equations of a perfect fluid. The object of this chapter is to il­
lustrate how a higher-dimensional law of the mean is used in that process. 
Derivations of the wave equation, the heat equation, and Laplace's equa­
tion — three classical differential equations — are given in Chapter V. 
These equations are found as the mathematical models corresponding to 
three easily visualized physical systems. 
The object of Chapter VI is to illustrate an error typical of 
those which occur in various derivations of the mathematical models of 
physical phenomena and to suggest two ways of rectifying such errors. 
Oddly enough, many of the derivations which contain errors of the types 
discussed in this study are accompanied by correct results^ and perhaps 
no further comment is required beyond the observation that the providence 
which explains this anomaly deserves man's gratitude. 
C H A P T E R I I 
S T A T I C S Y S T E M W I T H D I S T R I B U T E D M A S S 
A U N I F O R M L I N E A R S P R I N G H A V I N G T O T A L W E I G H T W L B A N D S P R I N G 
C O N S T A N T K L B / I N I S L I N L O N G W H E N L Y I N G O N I T S S I D E * T H E S P R I N G 
I S P L A C E D O N E N D , A N D I T S L E N G T H A F T E R I T H A S B E E N U P - E N D E D I S T O B E 
F O U N D . I T I S A S S U M E D T H A T T H E U P - E N D E D S P R I N G H A S R E A C H E D A S T A T E O F 
M O T I O N L E S S E Q U I L I B R I U M S O T H A T A N O N U N I F O R M B U T T I M E - I N D E P E N D E N T C O M ­
P R E S S I O N E X I S T S T H R O U G H O U T I T S L E N G T H . 
L E T . X D E N O T E T H E D I S T A N C E M E A S U R E D A L O N G T H E S P R I N G F R O M I T S 
L E F T E N D T O W A R D T H E R I G H T W H E N T H E S P R I N G I S L Y I N G O N I T S S I D E ( F I G , I . ) . 
F O R E A C H X £ [ 0 , L ] L E T Y ( X ) B E T H E L E N G T H O F T H E U P - E N D E D S E G M E N T 
W H I C H O R I G I N A L L Y O C C U P I E D T H E I N T E R V A L [ 0 ? X ] « W H E R E Y I S M E A S U R E D 
V E R T I C A L L Y D O W N W A R D F R O M T H E T O P O F T H E U P - E N D E D S P R I N G ( F I G , 2 ( A ) )<» 
A S S U M E T H R O U G H O U T T H E C O N S T R U C T I O N A N D A N A L Y S I S O F T H E M A T H E M A T I C A L M O D E L 
T H A T Y I S A D I F F E R E N T I A B L E F U N C T I O N O F X O N [ 0 , L ] , A N D S T I P U L A T E 
T H A T Y ( O ) ~- 0 ( T H I S S T I P U L A T I O N I S A C T U A L L Y A M O D E L - B U I L D I N G S T E P , 
S I N C E I T I M P L I E S T H A T T H E L E F T E N D O F T H E H O R I Z O N T A L S P R I N G B E C O M E S T H E 
T O P O F T H E S P R I N G W H E N I T I S P L A C E D O N E N D ) . 
L E T X Q E [ 0 , L ] B E A F I X E D , A R B I T R A R Y D I S T A N C E M E A S U R E D A L O N G 
T H E S P R I N G L Y I N G O N I T S S I D E . C O N S I D E R T H E S E C T I O N LO,x^] O F T H E 
K L 
S P R I N G . T H E S P R I N G C O N S T A N T F O R T H I S S E C T I O N I S — • L E T ( X + H ) 
X O 0 
E [ 0 , L ] , W H E R E H 4: O , T W O C A S E S P R E S E N T T H E M S E L V E S . 
Figure 2(b). Up-Ended Spring 
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Case I: suppose h > 0. When the spring is up-ended, the seg­
ment of the spring which initially occupied the interval [x , X q + h] 
is shortened, or compressed. The amount of this compression is denoted 
by uh( x Q) which is given by the equation 
u h(x Q) = h - [y(xQ + h) - y(xQ)]o (l) 
The question now arises as to the force which causes the compression 
u^(x ). It is here that the critical assumption involved in the deriva­
tion of the mathematical model is made* It is assumed that u, (x ) lies 
hr o 
between the following bounds: 
(a) 
(a) that compression, denoted by u^ ', which would result if the force 
exerted on the segment [X Q , X q + h] were due only to the weight of the 
section [0,x where the weight of [X Q , X q + h] is neglected^ 
(b) that compression, denoted by u^ , which would result if the 
wei 
ght of the entire section [O, x + h] acted on a massless segment 
[xQ, X q + h]. 
That is3 the following inequality is asserted. 
u[a) < u. (x ) < Jb). (2) h — h o — h 
The quantities a n <^ U n ^ a r e c o mP u^ e <^ ^ e succeeding steps 
of this paragraph. Consider the alternative (a). Then the compressive 
force acting on the segment Cy(x ), y( x 0 + n)3 ^ s 
Fh = "T2 • ( 3 a ) 
8 
The resulting compresion is the quotient of F^  by the spring 
constant of the segment: 
F(a) 
(a) _ fh_ 
u = 
h
 KL/h 
W x , 
o / h 
L \K L Wx h 
KL2 
On the other hand, for alternative (b), the compresive force is 
F(b) = __o ( 3 b ) 
h T 
and the resulting compresion is 
F(b) (b) _ lh_ uh " KL/ (x + h) Wh 
KL2 
Equations (l), (4), and (5), and inequality (2) yield the folwing 
inequality 
hW x hW(x +h) f < h - [y(xn + h) - y(x)] < , 
KL2 o o KL or Wx y(x + h) - y(x ) W (x + h) 
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C A S E I I : S U P P O S E H < 0. H E R E AN ANALOGOUS ARGUMENT L E A D S TO THE 
I N E Q U A L I T Y 
W ( X N + H ) yU + H ) - Y ( X ) W X ^ 
— — < i - — Q — z - < HI • (?) 
FROM I N E Q U A L I T I E S (6) AND (7) THE F O L L O W I N G R E S U L T I S O B T A I N E D ? 
Y ( X + H ) - Y ( X ) Y ( X + H ) - Y ( X ) 
L I M [1 -
 2
 a-] - L I M [ L - 2 2-] 
H - 0" h 0 + h 
Y ( X + H ) - Y ( X ) 
- L I M [I - 2-] 
H ^ 0 h 
WX 
_ O 
K L 2 
S I N C E Y I S A D I F F E R E N T I A B L E F U N C T I O N OF x ON [0« ,L] , I T FOLLOWS THAT 
W X 
ir \ „ O 
T H E C H O I C E OF X Q £ [O,L~] WAS A R B I T R A R Y » T H U S , T H E F O L L O W I N G D I F F E R E N ­
T I A L E Q U A T I O N FOR A L L X £ [0 , L ] A R I S E S ? 
Y ' U ) = 1 - ~ 2 , (8) 
W H I C H , T O G E T H E R W I T H THE BOUNDARY C O N D I T I O N Y(0) - 0 5 C O N S T I T U T E S THE 
M A T H E M A T I C A L MODEL D E S I R E D . BY U S I N G E Q U A T I O N (8) I T I S P O S S I B L E TO D E ­
DUCE A R E S T R I C T I O N W H I C H MUST BE P L A C E D ON THE R E L A T I O N S H I P BETWEEN 
W , KV AND L I F THE MODEL I S TO A P P L Y . S I N C E P H Y S I C A L C O N S I D E R A T I O N S 
demand that y be a monotonically increasing function of x on E O , L ] , 
it is necessary that y;(x) > 0 for all x e £0,L]$ i.e., 
1 - 77a > 0, x £ [0,L]; 
or 
Wx 
K L* - 1 0 
In particular, this inequality must hold when x -= L„ Thus, 
W 
— < 1, KL - 1 1 
This condition is necessary if Equation (8) is to be the proper mathe­
matical model for the physical situation under discussion. 
It is now necessary to analyze the mathematical model. The general 
solution of the differential equation (8) is 
, , Wx 2 
y(xj ~ x - + C« 
2KL2 
The value of the constant C may be determined by applying the required 
boundary condition y(0) = 0. Thus, it is found that C = 0, and it 
follows that 
t \ Wx" ^ 
Y W = * " 7 ^ 2 , 0 < x < L . ( 9 ) 
The length of the up-ended spring is y(L), which is computed from ( 9 ) : 
y(L) = L - 7 £ in, 
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The problem is now solved. Note that the same result would have ben 
obtained if the distributed mas of the spring had ben approximated by 
W 
a mas of weight — concentrated at the upper end. 
By extending the analysi  slightly, additonal interesting results 
can be obtained. Thus, if y has the same meanig as above, then the 
auxilary problem of finding the linear density of the up-ended spring 
as a function of y may be considered, 
r W -i 
Let y e LO,L - —J denote the positon ot a point on the up-ended 
O Z K 
spring (Fig. 2b). Let Q(y) denote the weight of the segment [0,yj of 
this spring. Then the linear density p at y^  is defined as 
o£y + h) - Q(y ) 
P (y 0 ) = Hm C — 2 ^ °-l - Q ' ( y 0 ) , 
h-* 0 
wher it is asumed that' Q is a diferentiate function of y on 
r W -i 
LO,L - — J . But y was arbitrarily chosen. Hence, 
Zis. 0 
a'(y) = p(y), 0 < y < L - ~ . (10) 
However, if x is writen as a function of y, then 
and from (lO) 
P(y) = 0<y< L -i , (11) 
provided x can be expresed as a diferentiate function of y 
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The problem of finding a differentiable inverse x(y) is now 
undertaken. In order for the function y, defined by Equation ($), to possess an inverse, it must be assured that y is a one-to-one function 
on its domain [0,L]. Consider a function "y defined by the relation 
-/ \ Wx2 . / , yU) = x -
 2 K L 2 , -oo < x < + «> . 
Thus, y(x) coincides with y(x) on [0,L], but it has a larger domain 
KL2 
of definition. The maximum of y occurs at x -—  (Fig.3), and y is 
KL2 
not one-to-one because its domain includes values of x greater than ^ 
, yW 
Figure 3. y(x) as a Function of x 
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To Insure that y, on the other hand, is one-to-one, and therefore that 
it has an inverse, it is necesary and suficient to require that 
KL2 W 
L < —— , or — < 1. This stipulation has already ben made. To insure 
that the inverse is diferentiable throughout its domain, it is necesary 
to require that ^ < 1 (otherwise, as Equation (15) shows, the linear 
density p(y) becomes infinite at y = L - ~). This further restric­
tion is therefore made. An explicit expresion for x(y) must now be found. If the equation Wx2 
Y = X
 " 2KL* 
is solved for x, then two possibilties for x are confronted! namely, 
i + */ 1 - 2Wy/KL2 
x =
 w7E7 ( 1 2 ) and 
x = 1 - ^ 1 - 2Wy/KL^  _
 ( i 3 ) 2 w/kl 
Since x(o) must be equal to zero, Equation (13) must be chosen to 
represent x(y). Hence, 
1 - J 1 - 2Wy/KL2 X x(y) ;— , 0 < y < L - — . (14) 
w/kl2 
By combinig the results of Equations (ll) and (14), the desired 
result is obtained; that is, 
W/L ... . .
 T JL 
<J1 - 2Wy/KL2 P(y) = / 0<y<L-^ . (15) 
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It is interesting to use Equation (15) to calculate the linear 
density at the lower end of the spring. Thus, 
^
 1
 ' KI^(L " 2K} 
w/l 
7 (i - w/kl)2 
w/l |i - w/kl| 
The requirement was made that w/KL < 1. Hence. 
w/l 
p(L - W/2K) = 1 - w/kl 
CHAPTER III 
DYNAMIC SYSTEM WITH DISTRIBUTED MASS 
Two masses m 1 and mg are joined together by a uniform linear 
spring of unstressed length L, mass M, and spring constant K, The 
whole configuration is allowed to fall through a frictionless vertical 
tube (Fig, 4)* The distributed mass of the spring is not neglected, and 
it is not assumed that the spring is uniformly stretched* 
Figure 4» Position of the System 
at a Fixed Time 
1 6 
L E T S : 0 < S < L D E N O T E THE D I S T A N C E MEASURED ALONG T H E U N ­
S T R E S S E D S P R I N G FROM M 1 TOWARD m^. WHEN T H E S Y S T E M I S I N M O T I O N , 
LET U ( S , T ) D E N O T E FOR EACH F I X E D T I M E T > 0 T H E D I S P L A C E M E N T R E L A T I V E 
TO THE U P P E R END OF THE S P R I N G OF THE M A T E R I A L P A R T I C L E W H I C H I N THE U N ­
S T R E S S E D S T A T E WAS s U N I T S FROM T H E U P P E R E N D . I T I S A S S U M E D THAT 
U e C 2 FOR 0 < S < L AND T > 0 , AND I T I S R E Q U I R E D THAT U ( 0 , T ) = 0 
FOR A L L T > 0 , S I N C E THE MODEL I S U N R E A L I S T I C U N L E S S THE S P R I N G R E M A I N S 
A T T A C H E D TO T H E U P P E R M A S S . L E T P Q BE A F I X E D H O R I Z O N T A L P L A N E , AND 
LET X ( T ) AND X 2 ( " T ) BE T H E D I S T A N C E S OF AND M E A S U R E D P O S I ­
T I V E L Y DOWNWARD FROM P Q . S U P P O S E THAT X I AND ARE T W I C E - D I F F E R ­
E N T I A B L E F U N C T I O N S OF t F O R T 0 . T H E " I N I T I A L P O S I T I O N " OF THE S Y S T E M 
R E F E R R E D TO I N T H E D E R I V A T I O N I S TAKEN TO BE THE S T A T E OF THE S Y S T E M I N 
W H I C H THE M A S S rr^  L I E S I N THE P L A N E P Q AND THE S P R I N G I S U N S T R E S S E D 
( F I G . 5 ) . 
F I G U R E 5 . I N I T I A L S T A T E OF 
T H E S Y S T E M 
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The mathematical model associated with this physical phenomenon 
consists of the equations of motion (with suitable boundary and initial 
conditions) for the system described above. Under the assumptions made, 
the application of Hamilton's Principle folowed by the utilization of 
the methods of the calculus of variations gives an effective way to derive 
these equations. Thus, the integral 
I = (T - V) dt (t7 > 0) , 
o 
where T and V are the kinetic and potential energies of the system, 
must eventualy be considered, but only after T and V have been found, 
The object of the present discussion is to derive expressions for these 
energies. 
An expression for the kinetic energy T as a function of time is 
now derived. For t > 0 let T (t) and T2(t) be the kinetic energies 
of m and m , respectively; let T (t) be the kinetic energy of the 
spring. The initial model-building step is the requirement that 
T(t) = Tl(t) + Tg(t) + Tg(t), t > 0. (17) 
T±(t) = \ m± [x{(t)]2 , (18) 
Now 
and 
T2(t) = \ m2 [x t^)]2 . (19) 
The derivation of Tg requires further analysis. Thus, a sequence {^ n} 
of regular partitions of the interval [0,L] is introduced, where 
18 
P = [ 0 = S ( N ) , S [ N ) , S ( N ) , S ( N > S ( N ) = L } FOR N =* 1,2, 
N <• 0 1 2 N - I J N •> 
. . . . L E T h[n) = S ^ N ) - S ( N ) = L . N O T E THAT H ^ N ) - 0 AS N - > « . 
1 1 N - I N I 
F O R A R B I T R A R Y F I X E D T : T > 0 , L E T T G ^ ( T ) DENOTE T H E K I N E T I C ENERGY 
OF THAT P O R T I O N OF T H E S P R I N G W H I C H I N THE I N I T I A L S T A T E O C C U P I E D THE I N ­
T E R V A L [ S [ N ^ , S | N ^ L ( S E E N O T E B E L O W ) . I T I S R E Q U I R E D THAT 
I - I ' I 
N 
C O N S I D E R THE P O I N T W H I C H WAS AT S ON THE S P R I N G I N THE I N I T I A L P O S I T I O N . 
F O R T > 0 T H E P O S I T I O N OF T H I S P O I N T I S X ( T ) + U ( S , T ) + S , . 0 < s < L . 
T H E F U N C T I O N U ^ ( S , T ) I S A C O N T I N U O U S F U N C T I O N OF S FOR F I X E D T . HENCE, 
THE F U N C T I O N [ X ^ ( T ) + U ^ _ ( S , T Q ) 3 2 I S A C O N T I N U O U S F U N C T I O N OF S « F U R ­
T H E R M O R E , I F S I S R E S T R I C T E D TO L I E I N T H E S U B I N T E R V A L C S ^ ^ , S ^ L , 
THEN B Y V I R T U E OF I T S C O N T I N U I T Y THE F U N C T I O N [ X ^ ( T O ) + U ^ ( S , T Q ) ] 2 A S ­
S U M E S BOTH AN A B S O L U T E M A X I M U M AND AN A B S O L U T E M I N I M U M ON T H E S U B I N T E R V A L 
( T H E R E O M 1 , A P P E N D I X ) . T H E F O L L O W I N G I N E Q U A L I T Y R E P R E S E N T S A P H Y S I C A L L Y 
M O T I V A T E D A S S E R T I O N AND I S A C R U C I A L A S S U M P T I O N I N V O L V E D I N T H I S D E R I V A ­
T I O N . 
M I N [ X { ( T . ) + U T < S , T Q ) ] 2 < T ^ ( T O ) 
< -f- M A X [ X ^ ( T O ) + U T ( S , T O ) ] 2 , 
N O T E . A L T H O U G H THE D E P E N D E N C E OF ( T ) ON n I S NOT R E P R E S E N T E D 
N O T A T I O N A L L Y , I T SHOULD B E REMEMBERED THAT I T I S P R E S E N T . T H I S 
O M I S S I O N H A S BEEN MADE TO A V O I D C L U T T E R I N G T H E N O M E N C L A T U R E . 
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where s e [s^ n\ s.n ]^s and M^ n^ is the mass of that portion of the 1-1' 1 ' 1 
t h 
spring which initially occupied the i subinterval: 
M(n) = -J- . i L Since the function Cx^(t ) + u^.(s,t )]2 is continuous on Cs^ ,^ s^], it assumes every value between its absolute maximum and its absolute min­imum on this subinterval (Theorem 2). It follows, then, that there exists 
a number s^ e Cs^ ,^ s^] such that 
/ • \ Mh^  / \ sje 
But this equation is valid for each i = 1,2, ..«, n and n = 1,2, .. Hence, by substitution into Equation (20), 
w = u m i t +ut(sin)*' t0)]2hin)- ^ 
The function tx^ (tQ) + ut(s,to)]2 is continuous and thus integrable on [0,L], From Equation (2l), the integrability implies that 
o 
But t > 0 was arbitrary; therefore, 
T3 ( t ) = 2L J C x i ( t ) + ut(s't)]8 ds> * * °- (22) 
20 
From Equations (17), (18), (19), and (22) the total kinetic energy, T(t), 
of the system can be found. Thus, 
T(t) = \ ^ [x;(t)]2 + ^ m 2 [x;(t)]2 
L 
+
 2L j t x i ( t ' + u ^ s - t ^ 2 d s> t > 0 . 
o 
The derivation of an expression for the potential energy V as 
a function of time is now considered. Potential energy is measured with 
respect to the state of the system in the initial position. For t > 0, 
let V^(t) and V (t) denote the potential energies of m^ and rn^i 
let V (t) denote the potential energy of the spring due to the dis-
placement of the spring in the gravitational fields let V"4(t) be the 
energy stored in the spring due to its elongation. In the construction 
of the mathematical model the following assertion is made: 
V(t) = V1(t) + V2(t) + Va(t) + V 4(t), t > 0. (23) 
Now it can easily be seen that 
Vl(t) = - m i gx^t) , (24) 
and 
V (t) = - m g[x (t) - L] . (25) 
2 2 2 
Expressions for V g and V"4 must now be found. Refer to the sequence 
of partitions of the interval [0,L] introduced in the derivation of 
T . Consider first V . For fixed time t± > 0, let (t^ be 
3 3 
the potential energy of that portion of the spring initaly ocupying 
the interval [s(n ,^ sfn ]^. Then it is required that 
i 
n 
V ( t ^ = lim £ v ( i ) ( t ± ) . (26) 
n
"
0 0
 i = i 
By an argument similar to that whic  was expounded for Tg the function 
[x (t ) + u(s,t )] is contiuous and atains an absolute maxium and an 
(n) (n) 
absolute minium on Es^ _^ , s ^ 3 f°r fixed t^. The folwing physi­
caly-motivated asumption is vital in the construction of the mathemat­
ical model, 
- Ui[n)g Max [x (t ) + u(s,t )] < V(i) t ) 
1 3 1 1 1 3 1 < - M^n)g Min [x±(t1) + u(s,t±)], s 
wher  s e Cs[n^, s^ ], and M^ has the same meanig as in previous 
steps. In analogy to the calculation of Tg, an application of Theorm 2, 
Equation (26), and the continuity of Cx (t ) + u(s,t1)D imply that Mg "
 L 
V a ( t i ) = " L J C x i ( t i J + u ( s ^ i ) ] o ds 
= - M g * ("t ) - f J u(s,t i) ds . 
Since t > 0 was arbitrarily chosen, for every t > 0, 
Mg r> L 
V3(t) = -Mgx^t)- — J u(s,t) ds . (27) 
o 
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In order to derive an expression for V , the element of unstressed length h^ n^ occupying the interval Es^^ , s^nD in the unstressed 
state is again considered. If this element were stretched uniformly, then the potential energy stored in it due to stretching would be 
^ (LK/h|n))[u(s^ n),tJ - u(s^ , tj]2 for fixed tp > 0. But by Theorem 3, 
u(sW, t ) - u(s<n> t ) = u (C, t ) hfn), si"! < X. < sfn) , 
X 2 i-l 2 S 2 i i-l X 
where, since the stretching is uniform, ug(£,t2) has the same value for each arbitrarily chosen £ £ (si-i> si^ )» Hence, for uniform stretch­ing the expression for potential energy becomes 7; LKh^ n^ u2(s,t2). Now 
suppose that the element is not uniformly stretched. Then u (s,t ) is 
no longer independent of s. It is asserted that the energy stored in the element [s^ \ s^] will lie between the following bounds? i-l' i 
(a) the energy which would be stored in a similar element uniformly 
stretched in such a way that its elongation is Max |u (s.t )| h^ n ;^ 
s s ' 2 x 
(b) the energy which would be stored in a similar element uniformly stretched in such a way that its elongation is Min |u (s,t )| h^ 1 ,^ s s 2 xwhere s e [s^, sW] . Tha  is, upper and lower bounds of te energy o d in the actul, nonuniformly-tretched element ae repectively (^LK/ ^n)) [h^ n) Max |u (s, )|]2 and klX/h[n))[h^n)Z 1 X g S 2 Z 1 1 s|u (s,t |]2, for fixed 0 > 0 and s £ s , s^]. Thus thes a <s i- i
23 
following requirement is made, where is the energy stored in the i 4. r (n) (n)-i element Ls> s, J: 
< i-^r [ h [ n ) Max |u (s,t,)|]2 
z
 hlnj i s s * r (nJ ff]) _ for s e Ls; , s. j . By an argument analogous to those for T and i - 1 i 3 
V the following result is obtained: 
O 
l/T « L 
V 4 ( t ) = 2 J WM)] 2 d s > "t > ° - ( 2 8 ) 
s 
o 
By using Equations (23), (24), (25), (27), and (28) the expression for V can be constructed. Thus, 
V(t) = - m1gxl(t) - m2g[xl(t) - L] - Mgx^ t) 
-^J u(s,t) ds + \ KL J [ug(s,t)]2 ds , 
0 0 
for t > 0. Though not the primary object of this discussion, it may be of 
some interest to note that application of Hamilton's Principle and the 
methods of the calculus of variations lead to the following equations 
of motion for the system: 
Mut(s,t) - KL2 us(s,t) = M[g - x*(t)]$ 
i(t) = m 1 g + KL u s(0,t)j 
"(t) = m g - KL u (L5t). 
CHAPTER IV 
DYNAMICAL EQUATIONS FOR A PERFECT FLUID 
Let A be a s imp ly- conr; e ct ed region in E3 containing in its interior a closed rectangular parallelepiped R of positive dimensions ho. k,j and 1 with one corner at an arbitrary DO int (x ,y ,z ) 
o' o' 0 (Fig, 6)0 Suppose that A is pervaded by perfect fluid of density p . The dynamical equations of the fluid in A are to be found, and the 
object of this chapter is to illustrate how a higher-dimensional law 
of the mean is u=ed in that process» 
X 
Figure 6„ Rectangular Parallelepiped R in A 
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Let p(x«y,z,t) denote for each fixed time t > 0 the pressure 
at (x,y,z) £ A. It is assumed that p £ C 1 in A for fixed t > 0» 
The face of R parallel to the YZ-plane and containing the point 
(x + h, Y Q i Z Q ) is denoted by S 2, and the face of R parallel to 
the YZ-plane and containing the point (xQ.yo,z } is denoted by S^ 
Consider S , a set on which p is continuous„ By Theorem 4 and The­
orem 5 the average value of p on S , denoted by p, is given by 
the equation 
p =
 iTu 
p(x0,y,z.tQ) dA , (29) 
where t is fixed and nonnegative. Similarly, the average value of 
p on S 2 > denoted by p, is given by the equation 
P = klL Jp(xo + h,y;.z,to) dA , (30) 
o 
2 
The net force in the positive X-direction due to the difference of 
pressure on the two faces i& given by 
VI = (p - p) kl . (31) 
Consider the difference p - p • According to Equations (29) and (30) 
P " p = iTi { J s J P C V ^ ' V dA 
S 
2 
J p(xQ + h, y,z,tQ) dA j . 
27 
But when considerd as sets of orderd pairs (y.z)<> S and Sg are identical? so, 
p
 "
 p
 Fi J s
 0 i [p(*o,y,z,t ) - p(*0 + h, y,z,t )]dA. (32) 
Since p is a contiuous function of its first argument, by a mean value 
theorem there exists at least one function 9(y*z) such that for (y,z) e S , 0 < O(y.z) < 1, and 
l 
p(xo5y,z,tQ) - p(xQ + h, y,z,tQ) = - P^Cx + heCy^Vjz^) h. (33) 
From Equations (32) and (33) the folwing equation arises; 
=
 kll J Px(o + he(y,z),y,z,to) dA. (34) 
s 
1 
If it can be shown that p^  is a contiuous function of (y9z) on S1, 
then by Theorm 5, the equation S 0 l Px(Q + he(y,z),y,z,tQ) dA (35) 
= Px(Q + he(y,z),y,z,to) kl 
wil folow, wher (y>z) £ S . This continuity is now demonstraed* 
Let [yl >zl) and (y*jZ*) represent points in S • It must be proved 
that for each £ > 0 there exists a positve number b (which may de­
pend on £, XQ, h, yy, y", z , z", and tQ) such that |px( o + YtiW,z'),y',z'9tJ - px(Q + h9(y//,z//),y//,z//,to)| < e 
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whenever 0 < \(y',z') " (Y">Z")\ < &• Let £ > 0 be given. Now 
by (33) 
|p (x + YLQW ,z'),y' ,z' , t ) - p (x + he(y',*'),y',z',t )| 
= |[p(x0,y/,z/,to) - P ( X q + h,y',a',to)] 
- Cp(xo,y',z',to) - p(xQ + h,y//3z//,to)]| . 
A slight rearrangement, followed by application of a triangle inequality, 
yields 
|px(xQ + he(y/,z/),y/,z/,to) - p x(x Q + he(y V),y V,tQ) | 
= |[p(xo,y/,z/,to) - p(xo,y',z',to)] 
- [p(xo + h,yl,z',±o) - p(xo + h,y*,z',to)]| 
< IpCx^ ySz',^ ) - p(xo,y%z%to)| (36) 
+ |p(xo + h,y',z',to) - p(xo + h,y*,z',to)|. 
Now p is a continuous function of (y,z) on S±» Hence, for each 
£ > 0 there exist positive numbers b1 and b2 (which may depend on 
e, x o,y /,y / /, 2 /, 2 / /,t o) such that IpU^ y',z',tQ) - p(xo,y',z",to) | < | 
whenever 0 <|(y',z') - (y*,z*)| < b±9 and |p(x + h,y',z',t ) -
p(xQ + h, y"9z",tQ)\ < | whenever 0 < |(y',*') - y",z") \ < & g. Let 
6 = Min[&1,62] . Then from inequality (36) it follows that 
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P X ( X O + he(y',*'),y',«',t ) - p x(x o + he (yV) ,y ' , * ' , t )| 
< 2 + 2 - £ 
whenever (y;,z;) and (y*,z*) are in S ± and 0 < Ky'.z') -
W>z")\ < Hence, p (x + h0(y,z),y,z,t ) is a continuous function 
}C 0 0 
of (y,z) on S . 
Therefore, Equation (35) holds, and by combining Equations (34) 
and (35) the following result is obtained! 
p - p = - hp x(x Q + he(y,z),y,z,to) , 
where (y,z) £ S . From Equation ( 3 l ) the net force in the X-direction 
is given by 
? i = " h k l p x ( x 0 + h 0 ^ ) , y / ^ - t o ) > ( 3 7 ) 
for some (y3z) £ S • 
Possible external forces must now be considered. Let G(x,y,z,t) 
denote for each fixed t > 0 the external force per unit volume exerted 
at (x,y,z) £ R. It is assumed that each of the components of G is 
continuous in (x,y,z) for fixed nonnegative t„ Consider the X-com-
-> 
ponent of G, denoted by G . Since G i is continuous on the compact 
connected set R, by Theorem 4 there exist numbers 0 7 , 0 7 , and 0 ; 
7
 0 1 2 
(each between 0 and l) such that G , the net external force in the 
X-direction,is given by the equation 
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The X-component of the total force on R is F + G , By Newton1 s 
Second Law this sum is equal to an inertial reaction 1 given by the 
equation 
J = a(x + 0"h,y + Q"k,z + 0*1,t ) p h k 1 , (39) 
1 1 0 0 0 1 0 2 ' 0 r
where a is the X-component of the acceleration "a of the particles 
of fluid in R. The function a is assumed continuous in R, and this 
stipulation implies the existence of numbers 0*, 0*, and 0^ (between 
0 and l) which give a^^ the appropriate value according to Theorem 4« 
From Equations (37), (38), and (39) the following equation is 
obtained by application of Newton's Second Laws 
phklafx + 0"h,y + 0*k,z + 0?l.t ) 
K
 10 0 ' 1 0 1 7 0 2 ' 0 
= hk 1 [-, P x ( x Q + h0(y?z),y,,z,to) 
+ G (x + 0;h,y + 0'k,z + 0'l,t )]. 
10 0 0 10 2 ' 0 
If this last equation is divided by the positive quantity hkl, 
the resulting equation is 
P a i ^ 0 +
 e0h.-y0 +
 9
"lk'Z0
 + 921't0) = GJ*O + 9o h' Yo + KK'ZO + 921'to) -
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- p (x + h0(y,z),y,z,t ).* (40) 
The limits of both sides of Equation (40) as (h,k,l) •* (0+,0+^0+) now 
are considered. Since the functions a , G , and p are all con-
tinuous and 0 < 0 ( 7 ,z) < 1, these limits exist and are equal to each 
other. The equation resulting from the limit is 
pa (x ,y ,z ,t ) = G (x , y ,z ,t ) - p (x ,y ,z ,t ). 
R
 1 o' 0 0 J 0 1 0 0 0 0 * X 0 0 0 o 
But (x Q,y o,z o) is an arbitrarily chosen point in A, and t is an 
arbitrary nonnegative time. Hence, for all (x,y,z) £ A and t > 0, 
p a1(x,y,z,t) = Gi(x,y,zPt) - px(x,y,z,t) . (4l) 
If the preceding argument were carried through for the Y- and 
Z-components, then equations similar to Equation (4l) would be obtained. 
Thus, the dynamical equations for the fluid in A can be given by the 
single equation 
pa(x,y,z,t) = G(x,y,z,t) - Vp (x, y,z, t) , 
for all (x,y,z) £ A, and t > 0. 
*Note that y and z are dependent upon k and 1, respec­
tively. That is, 7 and ~z can be written as y Q + kQ and z 0 + 10g, 
where 0 < 9i < 1* and 0 <| 02 < 1. Thus y and z approach y Q and 
z , respectively, as k and 1 approach zero. 
CHAPTER V 
SOME WELL-KNOWN DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS 
Three well-known partial differential equations of physics are 
the wave equation, the heat equation, and Laplace's equation,. Each of 
these equations arises as the mathematical model associated with several 
types of physical phenomena. The purpose of this chapter is to present 
careful derivations of these equations* The physical model in each case 
is simple and easily visualized, thus allowing emphasis to be placed on 
the mathematical aspects of the derivation* 
Displacements in a Flexiblef String with External Force Applied 
Consider a flexible string of length L initially occupying the 
interval [0,L] of the X-axis, which is taken to be horizontal. Let 
u(x,t) represent the vertical displacement at time t of the point 
which, was initially at x e [0,L] (Fig, 7). It is assumed that u e C 2 
for 0 < x < L and t > 0» Let f(x,t) represent at time t the ex­
ternal force per unit length applied in a vertical direction at the point 
which was originally at x £ [0,L], where f £ C for 0 < x < L and 
t > 0. It is assumed that f(x,»t) is independent of u(xj,t)| and in 
addition., the following physical assumptions are made regarding the 
string« 
(l) The string is flexible to the extent that all bending moments 
transmitted between its elements can be neglected^ hence., it transmits 
only tangential forces* 
Figure 7. Positions of the Vibrating String 
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(2) A tension T of constant magnitude T(T > 0) is present 
throughout the length of the string* 
(3) The displacement u(x,t) is small compared to the length 
of the string for all x e [0,L] and t > 0« Furthermore u2(x.,t) 
is small compared to unity for these same values of x and t0 
(4) Only vertical displacement takes place for every point of 
the string for t > 0. 
The object of the problem is to deduce,, under the assumptions above., a 
differential equation involving u as the dependent variable* The 
differential equation, together with appropriate boundary and initial 
conditions, constitutes the mathematical model desired. 
Let t > 0 be fixed and consider a segment of the string ini­
tially occupying the interval t-x0>*0 + contained in [0.»L]; where 
h > 0 (the case for h < 0 is entirely analogous). An expression for 
the total vertical force on this segment at time t is to be found* 
Consider the tension T. Let a 1 and cc2 be the angles of inclina­
tion of the tangents at the points (x *u(x *t )) and (x + h, 
3 R
 0 0 0 0 
U ( X q + h?t )), respectively (Fig. 7 )« Then the vertical component 
of the tension at X q is -T (sin a1)[sgn u (x ,t )] and at x^ + h 
is T(sin a )[sgn u (x + h-t ) J . Consider now the total vertical ex-
2 x 0 * 0 
ternal force on the segment« It is denoted by F. Since f e C on 
•Note that this assumption has the following implication; for 
each arbitrary interval [x 1,x 2 3 , the mass of that part of the vibrat­
ing string which lies in or above the interval is the same as the mass 
of that part of the string which occupied the interval [x^Xg] when 
the string was in the neutral position* 
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[x , x + h], this function assumes both an absolute maximum and an 
o o 
absolute minimum for x e ^ - X 0 J X 0 + (Theorem l). The following 
assertion is made: 
h Min [f(x,t )] < F <; h Max [f(x,t )] , 
x 0 x 0 
where x e [x «x + h]. Since f is a continuous function of x alone 
o o 
on [x ,x + h], then by Theorem 3 there is at least one number 
o o 
0i! 0 ^ ei ^ 1 such t h a t 
F = h f(x + e,h,t ) . 
o i 7 o 
Hence, the total force exerted on the segment initially occupying the 
interval [x ,x + h] is 
o o 
T(sin cc2)[sgn u^(x + h,tQ)] - T (sin a )[sgn u x ( x 0 ^ t Q ) ^ 
+ h f(x + 8h,t ) . 
o i o 
By Newton's Second Law this force must be equal to some inertia 1 
reaction Ip. To facilitate the derivation of an expression for Ip 
the following assertion is made, where x e [x ,x + h]i 
o o 
p h Min [u
 t(x,t )] < I p £ ph Max [ut (x,t )] , 
x x 
for u.. is continuous in x on [x ,x + h] and thus assumes both an tt o o 
absolute maximum and an absolute minimum on this interval. Here p is 
mass per unit length of the unstressed string. By application of Theo­
rem 3 there exists a 92s 0 < 0 2 < 1 such that 
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lF = P h u t t ( x o + ^ ' V ' 
F R O M N E W T O N ' S S E C O N D LAW T H E E Q U A T I O N 
P H U U + 0 H , T ) = T ( S I N A J E S G N U ( X + H , T ) ] ( 4 2 . ) 
LLO<oO <i XO O 
- T ( S I N A J C S G N U X ( X , T Q ) ] + H F (x q + 9 H , T Q ) 
THEN F O L L O W S * BUT 
( T A N A 1 ) [ S G N TAN O ^ ] 
S I N A = , 1 
1
 *J 1 + T A N 2 a± 
( 4 3 ) 
U ( X , T ) [ S G N U ( X , T ) ] 
- X O ; O A X X O ? O 
n/I + U 2 ( X
 ? T ) 
X O O 
A N D S I M I L A R L Y , 
U ( X + H . T ) [ S G N U ( X + H , T ) ] 
S I N A - ^ — • 1 , 4 4 , 
2
 , / 1 + U 2 ( X + H , T ) 
X O 0 
S U B S T I T U T I N G T H E R E S U L T S OF E Q U A T I O N S ( 4 3 ) AND ( 4 4 ) I N T O E Q U A T I O N ( 4 2 . ) 
G I V E S T H E E Q U A T I O N 
P H U , , ( X + 0 H . T ) = 
^ T R O 2 ' O T U ( X + H , T ) [ S G N U ( X + H . T ) ]
2 
X O y O ' a XV O ' Q 
J 1 + U 2 ( X + H , T ) 
X O 0 
T U ( X , T ) [ S G N U ( X , T ) ] 2 
X
 ° °
 X
 ° ° 4-HFFV + 9 , M ) , 
y 1 + u2(x ,t ) 0 ° 
X 0' 0 
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which, when simplified, becomes 
u (x + hut ) 
phu,,(x + 0 h,t ) = T j • * ° 0 K
 tt 0 2 0 V HT~ £ 7 , v , \ V 1 + u" x +h,t 
X 0 ' 0 
(45) 
u (x ,t ) 
x 0 0
 — K + hf(x + 0 h,t ) . 
sj 1 + U 2(x , t ) ' 0 1 o 
X 0 ' 0 
The function u (x,t )/ J 1 + u2(x,t ) , however, is a continuous function 
X 0 ' X 7 0 ' 
of x on C X Q , X q + h] and a differentiable function of x in (xQ,xo+h). 
Hence, by Theorem 3 there exists a number 03s 0 < 0 3 < 1 such that the 
difference in the brackets in Equation (45) can be written in the form 
u (x + h,t ) 
x o 7 o 
u (x ,t ) X 0 ? 0 
J 1 + u2(x + h,t ) J 1 + u2(x ,t ) 
X K 0 ' 0 X 0 0 
dx 
u (x,t ) 
X 0 
J 1 + u2(x-t ) 
X 9 0 
x =• x + 0 „ h 
0 3 
Upon performing the indicated differentiation and evaluation, the fol­
lowing equation for the difference is obtained: 
u (x + h,t ) 
X o ) o 
u (x ,t ) 
x o7 o 
J 1 + u2(x ,t ) X 0 o 
(46) 
-- h 
[ I + u 2(x o + E 3 H , T O ) ] 3 / 2 
J 1 + u2(x + h,t ) 
X 0 0 
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Thus., from Equations (45) and (46) it follows that 
u (x + 0_h,t ) 
phu + +(x + 0 h,t ) = hT 3' 0 Q / o (47) 
u 0 2 0
 [i
 + u
2(x o + e 3h,t o}> 3/ 2 
+ hf (X Q + Bh,tQ) . 
Equation (47) is divided by h| and by using the continuity requirements 
on the functions u and f, the limit as h -> 0 + is found to be 
Tu (x ,t ) 
pu.Ax.t) = X X ° °
 a / a + (48) 
X 0 0 
It can easily be shown that Equation (48) is also obtained from a similar 
expression in which h < 0 by considering the limit as h -* 0~ . Hence*, 
the limit as h -* 0 exists and Equation (48) follows as a result* But 
x and t are arbitrary, Therefore, for all x £ [0,L] and t > On 
o o ~ " 
T u (x,t) 
pu t t(x,t) = - ^ + • < 4 9) 
Lt + u 2(x,t)] 3 / 2 
Equation (49) is a nonlinear partial differential equation which, 
however, must be linearized in order to be consistent with the assumption 
(3) that 1 + u 2 =s 1, Thus, for the linear version 
x 
pu t t(x,t) = T uxx(x,t) + f(x,t) , (50) 
the standard form of the wave equation in one space dimension with ex­
ternal, force applied. 
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As a final observation, atention is invited to the fact that 
asumptions (2) and (4) together with Newton's Second Law lead to a con­
tradiction unles  asumption (3) is also used. Consider a segment of the 
moving string (Fig. 7), and sum the X-components of the forces acting on 
the segment. Since only vertical displacements are asumed to occur, the 
inertial reaction has no X-component. Furthermore, the applied force 
f(x5t) is verticaly directed. Hence, in the nomenclature previously 
used, 
-T (cos a )[sgn(cos a )] + T (cos a )[sgn(cos a )] = 0 . 
But 
and 
sgn u (x ,t ) x o o cos CL = : 
J 1 + u2(x ,t ) 
X 0 0 sgn u (x + h.t ) J
 x o o cos a = 
2
 J 1 + u2(x + h,t ) x o So 
or, since 
T " — - 1 = 0 , W 1 + u2(x *t J J 1 + u2(x + h, t ) 
X 0 O^ X 0 '0 
T + 0, 
>J.'X + u2(x + h,t ) J 1 + u2(x ,t ) 
X 0 O X o o 
a conditon not satisfied in general since u2(x + h.t ) is not 
a
 x o 9 o identicaly equal to u2(x ,t ) in h for arbitrary x and t 1
 x o' 0 0 0 
The contradiction is eliminated, however, when asumption (3) is 
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adduced, and u^ o^^cP ^s neglected in comparison with unity. In the 
light of these remarks, and contrary to-an often-held view, one might 
reasonably ask whether the nonlinear differential equation (49) repre­
sents the physical system any more faithfully than does the linear equa­
tion (50)$ tor until the linearizing approximation is made, the contra­
diction just outlined is present. 
Linear Flow of Heat Through a Cylindrical Rod 
Consider a right cylindrical rod of length L and cross-sectional 
area A0 Suppose (1) that the material of which the rod is composed has thermal 
conductivity density p, and specific heat c, all of which are 
time-independent but may depend in a continuously differentiable manner 
upon distance along the rod; 
(2) that the ends of the rod (x = 0 and x = L) (Fig. 8) are 
maintained at constant temperatures UQ and u^ 3 respectively;, where 
u y ur» 
o Ly 
(3) thai there are no sources nor sinks of heat in the interior 
of the rod$ 
(4) that the lateral surface of the rod is completely insulated; 
(5) that changes in the dimensions of the rod with temperature 
are smal* 
Let u(x«,t) be the measure of the temperature at time tg t > 0 
in the cross-section x units from the left end of the rod, where 
0 < x < L. Furthermore^  asume that u e C2 for 0 < x < L, t > 0 , 
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Note that the propriety of writing u(x,t) as a function of only one 
geometric coordinate depends on the constancy of the temperature over 
a cross-section for fixed t. In the present discussion this constancy 
is assumed in the process of constructing the mathematical model. To 
show analytically that it is in fact a consequence of the other assump­
tions would in itself be a nontrivial mathematical problem. 
The object of this discussion is to derive, within the bounds of 
the assumptions outlined above, a partial differential equation with u 
as the dependent variable to which may be added appropriate boundary and 
initial conditions. The differential equation, together with the extra 
conditions, will constitute a presumably accurate mathematical model 
descriptive of the linear flow of heat in the rod. 
For fixed X q e [0,lj consider the portion of the rod for which 
x < x < x + h, where h > 0. The rate at which heat is entering this 
volume through the plane x = x at fixed time t is -AK(x )u (x ,t ). 
3
 f o o o x o ' o 
Similarly, the rate at which heat is leaving the volume at the same in­
stant through the plane x = x + h is - AK(x + h ) u ( x + h,t ). 
3 r
 o 0 X 0 * 0 
From assumptions (3) and (4) it follows that no heat is either generated 
or lost within the volume, and none escapes or enters through the lateral 
sides. Hence, the difference between the rate at which heat enters and 
the rate at which heat leaves is the rate of increase of heat energy 
stored in the volume. This rate of increase is denoted by Q.(x ,h,t ). 
1
 t o o 
Thus, 
Q.(x ,h,t ) = -AK(x ) u (x ,t ) - [-AK(x + h) u (x + h,t )] , 
t 0 ' ' 0 0 X 0 0 0 X 0 0 
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or 
Q t ( x O , M O ) = A [ K ( x Q + h) U X ( X q + h,tQ) - K ( X q ) u x(x o,t o)]. ( 5 1 ) 
But since the product function (Ku ) e C 1 on [x ,x + h] for fixed 
x o o 
t , there exists a number Qxi 0 < 0 1 < 1 such that 
K(x + h) u (x + h,t ) - K(x ) u (x ,t ) ( 5 2 ) 
0 X 0 0 0 X 0 0 ' 
= H { i [ K ( x ) U x ( x , T O ) ] } 
x = x + 0 h 
o 1 
Therefore, for fixed X q and t , Equations ( 5 1 ) and ( 5 2 ) imply the 
equation 
Q t(x o,h,t o) = A h { ^ [ K ( x ) u x(x,t o)]} ( 5 3 ) 
x = x + 0,h 
o i 
The rate of increase of heat stored in the volume bounded by the 
surface of the rod and the planes x = x and x = x + h can also be 
o o 
expressed in terms of the rate of rise of temperature within this volume* 
To make this Statement precise, however, either something must be said 
about the point in the volume where the rate of rise of temperature is 
determined, or it must be shown that the location of this point is imma­
terial.. A little reflection shows, in fact, that a familiar assertion 
may be mades 
Ah Minimum [P(x) c(x) u (x,t )] < Q,(x ,h,t ) 
x<x<x+h t o t o o 
o~ — 0 
< Ah Maximum CP(x) c(x) u^.(x,t^Q, 
x < x <x +h 
o - - 0 
4 4 
since it is assured by the continuity of (pcu^) that this function 
assumes both an absolute maximum and an absolute minimum for x e 
[x ,x + h] and fixed t > 0, This continuity in connection with 
o o o *~ 
the preceding inequality furthermore guarantees the existence of a num­
ber 0 2: 0 < 9 2 < 1 such that 
Q t(x 0*h 5t ) = Ahp(x Q + 02h) C ( X Q + 92h) u t(x Q + Ogh^) . (54) 
Equations (53) and (54) when combined yield the following equation 
A h { ^ C K ( x ) U x ( x ^ o ) ] } 
L
 °
X X 0 J
 I x = x + 9 h 
o i 
= Ahp(x + 9 h) c(x + 90h) u,(x + 9 h,t ) 
K S
 0 2 0 2 tv 0 2 0 
Division by Ah gives 
{I L K ( X ) u X ( X 3 T O ) ] } (55) 
X = X + 9 .H 
0 1 
=
 P ( X O + e2h) c ( X O + e2h) u T ( X O + E s h , T O ) 
A result identical to Equation (55) is obtained under the assumption that 
h < 0. Hence, the limit as h -* 0 of both sides of this equation may be 
considered. By utilizing the continuity of the functions ~ [K(x) • 
u^(x,to)], p(x), c(x), and u^ .(x,t ) it is found that the equation re­
sulting from the limit is 
4 5 
W x ) ux(x,to)] } = p(xo) o(xo) u t(x Q,t o) 
X = X 
o 
But X q and t are arbitrary. Consequently, for all x £ [0,L] and 
t > 0, 
9 
g [K(x) ux(x,t)] = p(x) c(x) u^(x,t) . (56) 
Thus, the result of the derivation is the well-known heat, or diffusion, 
equation with variable coefficients. 
Electric Field Between Cylindrical Conductors 
Consider a coaxial conductor consisting of two right cylinders 
C q and whose traces in any plane perpendicular to the common axis 
of the cylinders are squares (Fig. 9). The open region A between the 
two cylinders is filled with a dielectric material,, Furthermore, suppose 
(1) that both cylinders, C q and C^, are equipotential sur­
faces with electric potentials V q and V , respectively, where V.j> V"O | 
(2) that the cylinders are so long that end effects may be neg­
lected; 
(3) that the region A is charge free; and 
(4) that the dielectric material in A is isotropic with con­
stant permittivity £* 
For each point (x,y,z) £ A, let V(x,y,z) measure the potential 
at (x,y,z). It is assumed that V £ C 2 in A. Let D(x,y,z) = 
(D (x,y,z), D (x,y,z), D (x,y,z) ) measure the electric displacement 
1 2 3 
(or flux density) at (x,y,z) £ A, where the components of D are 
Figure 10. Rectangular Parallelepiped R in A 
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A S S U M E D TO B E OF C L A S S C 2 I N A . T H E F U N C T I O N S D AND V ARE R E ­
L A T E D B Y THE E Q U A T I O N 
D ( X , Y , Z ) = - E ( V V ) (57) 
( X , Y , Z ) 
T H E D I S C U S S I O N W H I C H FOLLOWS I S A D E R I V A T I O N OF L A P L A C E ' S E Q U A T I O N 
I N T H R E E I N D E P E N D E N T V A R I A B L E S W I T H V A S T H E DEPENDENT V A R I A B L E . T H I S 
E Q U A T I O N ALONG W I T H S U I T A B L E BOUNDARY C O N D I T I O N S C O N S T I T U T E S A MATHEMATICAL 
MODEL S U P P O S E D L Y D E S C R I P T I V E O F T H E P H Y S I C A L PROBLEM J U S T O U T L I N E D . 
L E T ( X Q , Y O , Z Q ) BE AN A R B I T R A R I L Y CHOSEN P O I N T I N A . C O N S I D E R 
A R E C T A N G U L A R P A R A L L E L E P I P E D R OF P O S I T I V E D I M E N S I O N S H , K , AND 1 
WITH- ONE CORNER AT ( X ^ Y ^ Z ^ ) AND C O N T A I N E D E N T I R E L Y I N A ( F I G . 1 0 ) . 
T H E F L U X THROUGH T H E F A C E I S G I V E N B Y 
s U i ) 
AND T H E F L U X THROUGH THE F A C E ^ ( X 2 ) I S 
( X I ) = L J V V Y I Z ) D A « ( 5 8 ) 
*>(») = U D A + H ' Y ' Z ) ( 5 9 ) 
S ( X 2 ) 
T H E D I F F E R E N C E R E P R E S E N T S T H E N E T F L U X 9 ( x ) I - N T H E X - D I R E C T I O N J T H U S , 
' ( X ) = " ' ( X A ) - ' ( X I ) ( 6 0 ) 
S ( X I ) 
[ D 1 ( X + H , Y , Z ) - D 1 ( X ,Y,z)l DA. 
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S I N C E ^ ( X L ) A N ^ ^ ( X S ) R E P R E S E N T "THE SAME S E T OF NUMBER P A I R S ( Y , Z ) • 
NOW T H E R E E X I S T S A F U N C T I O N 0 1 ( Y ^ Z ) SUCH THAT I F ( Y , Z ) £ ^ ( X I ) ' 
THEN 0 < 0 ( Y , Z ) < 1 , AND 
D 1 ( X Q + H , Y , Z ) - D 1 ( X Q , Y , Z ) = H D L X ( X 0 + H 0 L ( Y , Z ) , Y , Z ) . 
H E N C E , E Q U A T I O N ( 6 0 ) MAY BE R E W R I T T E N AS 
* ( X ) = H L J V X O + H V Y ' Z ) > Y - " Z ) DA . ( 6 L ) 
S ( X I ) 
I T WAS SHOWN I N C H A P T E R I V THAT UNDER THE H Y P O T H E S E S S T A T E D , I S A 
C O N T I N U O U S F U N C T I O N OF A L L I T S ARGUMENTS FOR ( Y , Z ) £ S ( X L ) • T H E R E F O R E , 
B Y T H E O R E M 5 
LI ° I X ( X O + H 9 1 ( Y 5 Z ) , Y , Z ) DA 
=
 DJxo + h e ^ y ^ J . y ^ J k i 
S ( X I ) 
WHERE ( Y ^ Z . ^ ) I S SOME P O I N T I N S ( X L ) 9 A S A C O N S E Q U E N C E OF T H E L A S T 
E Q U A T I O N AND ( 6 L ) THE E Q U A T I O N 
C P ( X ) = H K L D L X ( X Q + H 0 1 ( Y 1 , Z 1 ) , Y 1 , Z 1 ) ( 6 2 ) 
MAY B E W R I T T E N , WHERE ( Y 1 , Z 1 ) £ S ^ X L ^ • S I M I L A R L Y , T H E N E T F L U X E S I N 
THE Y - AND Z - D I R E C T I O N S A R E G I V E N B Y 
•(y) = H K L D 8 Y ( V » 0 + k e » ( V V ' V ' ( 6 3 ) 
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for some (x ,z ) s S4 I and 2 ' 2 (yi) ' 
* ( Z ) = H K L D 3 Z ( X 3 ^ 3 ^ 0 + } ' ( 6 4 ) 
for some (x3,y3) e S ^ j . 
Since the parallelepiped R contains no charge (assumption 3), 
9(x) + *(y) + * ( Z ) = ° * ( 6 5 ) 
Thus, from Equations (62) - (65), 
hk l [D l x(x Q + h e ^ y ^ h y ^ z j + D ( V y + ke 2(x 2 ,y 2 ) , Z 2 ) 
and, upon division by hkl, 
D (x + h0 (y ,z ),y ,z, ) + D (x ,y + k0 (x ,z ),z ) 
I X O L W L ' l ' * 1 l 9 1 2 Y 2 * 0 2 2* 2 ' 2 
+ D (x ,y , Z + 10 (x -y )) = 0 . (66) 
3 Z 3* 3 0 3 3 ' 3 
If the limit as (h,k,l) -» (0+,0+,0+) is computed for Equation (66), 
the result is 
D (x ,y , Z ) + D (x ,y , Z ) + D 0 (x ,y , Z ) = 0 , 
1 X V 091o' O ' 2 y ^ 0 , J V O 3 Z 0 * 0 * O 
OR 
(V " D) = 0. (67) 
(x ,y , Z ) 
o' O O 
In combination Equations (57) and (67) imply that 
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[ V • (e VV )] = 0 , 
(x >y ?z ) 
o " o ' 0 
which implies that 
[ e v^V] ~ 0 
(x ,y
 9z ) 
or 
V 2 V (x ,y ,z ) = 0 . 
CT 0 o 
But ^ x 0 ^ y 0 ^ z 0 ) a n arbitrary point in A. Hence, for (x,y,z) e A, 
V x x(x,y ?z) + V y y(x,y 3z) + V^(x?y,z) = 0. 
This is Laplace's equation in three space dimensions and is the desired 
result. 
CHAPTER VI 
LOGICAL ERRORS AND SOME THOUGHTS ABOUT REMEDYING THEM 
This chapter has two objectives: the first is to illustrate an 
error of logic typical of those which occur in various derivations of the 
mathematical models of physical systems^ the second is to show how this 
error and others similar to it can be corrected. Two approaches to the 
problem of remedying such difficulties are presented. The basic struc­
ture of a derivation, though it may contain logical fallacies and care­
less omissions, is usually sound in principle and may be quite effective 
as far as intuitive appeal is concerned. Thus, one method by which a 
faulty derivation may be corrected consists of simply "patching up" the 
old derivation by replacing the defective portions. If this procedure 
is followed, then the original intuitive appeal is usually retained, but 
in a new logical setting. For this reason the "patching-up" procedure 
is often desirable, but it can lead to cumbersome mathematical operations. 
On the other hand it may be more desirable actually to construct a new 
mathematical derivation. In such cases physical intuition may play a 
less prominent part, but often a more elegant derivation will result. 
The presentation in Chapter IV of the derivation of the dynamical 
equations for a perfect fluid in a three-dimensional region was motivated 
by a derivation of the same equations given in a well-known text of theo­
retical physics [3]. As in Chapter IV, the author of that text begins 
by appealing to a rectangular parallelepiped contained in the region 
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under consideration. He then presents a rather informal mathematicl dis­
cusion whic  terminates with the disclosure of the desired equations* 
In the course of the presentation, two deficiencies arise. The first, a 
quite commonly ocuring one, is the failure to prescribe the analytic 
character of a function obviously asumed to have contiuous first partial 
derivatives throughout the derivation* Otherwise, the derivation would 
be entirely usels* If the implicitly asumed continuity is granted, 
the author then appears to have made another eror, only this time it is 
an eror in mathematicl logic. He sems to have aduced a mathematicl 
asumption whic  is not valid in general — namely, that a function of 
clas  C1, whic  atains its average value on one face of the paralel­
epiped, say at (xy,yy,z')> asumes its average value on the opposite 
face at the point directly opposite (x'jy'jZ7), that is, at (x' + hi, 
y;, z'). The folwing example shows the invalidity of his apparent 
asumption. 
In the nomenclature of Chapter IV, let p be the presure func­
tion defined by the equation 
and let (x ,y ,zj be the origin (0,0,0)* Certainly p e C1 in 
k, and 1. Let t be a fixed positve time. The average value p 
p(x,y,z,t) = x2y + y2 + z2 , 
The paralelpiped R (Fig* 6) has positve dimensions h, 
l is computed by using Equation (29). Thus, since x± = 0, 
l 
5 3 
_ 1 _ 
K. 1 J 
J [ Y 2 + Z 2 ] D Y D Z = 
3 
T H I S A V E R A G E V A L U E , P , I S A S S U M E D AT P O I N T S ( 0 , Y , Z ) FOR W H I C H THE 
E Q U A T I O N 
y2 + z 2 = ^ ± l l 
3 
AND T H E I N E Q U A L I T I E S 0 < Y < K AND 0 < Z < 1 H O L D * T H U S 5 
P ( 0 , Y J ( Z , T ± ) = P ON THE F A C E S L ALONG THE F I R S T QUADRANT ARC OF THE 
C I R C L E W I T H R A D I U S ^ K 2 + L 2 / 3 AND C E N T E R AT T H E O R I G I N , , H E R E A F T E R 
T H I S LOCUS I S R E F E R R E D TO AS L . 
T H E A V E R A G E V A L U E P ON T H E F A C E S , O P P O S I T E S , I S COMPUTED 
2 1 
I N AN A N A L O G O U S MANNER B Y U S I N G E Q U A T I O N ( 3 0 ) „ T H U S , I T I S FOUND THAT 
~ H 2 K K 2 L 2 
P "= —-J- + — + — , T H E V A L U E P I S A T T A I N E D B Y P AT P O I N T S ( H , Y , Z ) 
FOR W H I C H 
u2 ^  2 , 2 H 2 K ^ K 2 L 2 
HRY + y + ^ = + '— + — 
7 7
 2 3 3 
AND T H E I N E Q U A L I T I E S 0 < Y < K AND 0 < Z < 1 H O L D * I F THE L A T T E R 
E Q U A T I O N I S W R I T T E N A S 
R I H2n2 2 _ H 2 K , K 2 , L 2 ^ H 4 [ Y + T ] + Z 2 - — + T + ~ + T , 
THEN I T I S E A S I L Y S E E N THAT P ( H , Y , Z > T 1 ) = P ALONG THAT A R C OF THE 
R , 0 ) AND R A D I U S J + ~ + 4 R + ~ C I R C L E W I T H C E N T E R AT ( H , R A D I U S 
W H I C H L I E S I N T H E F A C E S . T H I S LOCUS I S H E R E A F T E R R E F E R R E D TO AS 
2 
h • 
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It will now be shown that no point of lies opposite any point 
of L± for at least one choice of h, k, and 1. The loci L 1 and 
may be considered as arcs of circles in the YZ-plane, and the correspond­
ing problem is to show that L and L 2 do not intersect. Since h, k, 
3 
and 1 are arbitrary, it can be assumed that h = k = l < - „ Suppose 
there were a point (y ,z ) which is a point of intersection of and 
L 2. Then the two equations 2 , 2 _ k 2 + l 8 _ 2h2 y^  + zr = - — - = -r-
o o Q Q 
and 
r ^ h 2 n 2 ^ 2 h 2k , h 4 , k 2 , l 2 h 4 , h 3 , 2h2 
must be valid. These two equations imply that 
Y o = 2 
But if (y ,z ) is a point of L , then w o o 1 
y 2h2 
1
 o 3 
The latter equation and inequality imply that 
h
 < 2h2 
2 ^ 3 
or 
3 
But h < —. Hence L ± and do not intersect, and the assumption 
cannot be made in general. 
The derivation given in Chapter IV is then a "patching up" of the 
faulty derivation in the text mentioned. Recall that the derivation in 
Chapter IV is based on the consideration of a rectangular parallelepiped 
of positive dimensions h, k, and 1* A large portion of that chapter 
is concerned with the derivation of Equation (37) for the net force ex­
erted by the fluid on the parallelepiped in the X~direction« The deriva­
tion of this equation hinges primarily on finding an expression for the 
difference p - p between the average pressures on the opposite faces 
S 1 and S2» This expression is then multiplied by the area kl of 
the faces S 1 and S g to obtain the net force. But the deduction of 
a reasonably manageable expression for p - p involves some rather 
awkward mathematical operations, even though this approach has intuitive 
appeal. 
It is possible, however, if one is willing to sacrifice some in­
tuition in order to gain a higher degree of mathematical elegance, to 
find an equation similar to (37) for the net force in the X-direction 
by much simpler means ClD* This new derivation is now presented in the 
framework of the same physical assumption and the same mathematical 
assumptions and nomenclature as those given at the beginning of Chapter 
IV. Thus, for fixed time t , let f(y,z) be the function defined by 
the equation 
f(y,z) = k 1 [p(xo,y,z,tQ) - p(xQ+ h,y,z,tQ)] , 
where 0 < y < k, and 0 < z < 1, Now, if the pressures in the brack­
ets are independent of y and z, then f(y,z) is F , the net force 
in the X-direction. Of course, in general this is not the case* In 
analogy to previous arguments of this nature, the logical model-building 
step, then, is to make the assumption 
Minimum [r"(y,z)] ^ ^ < Maximum [f(y,z)] . 
(y,z) eS^ ^ (y,z) zS± 
By Theorem 4 the continuity of f on S , which results from the con­
tinuity of p on S , then guarantees the existence of numbers £ ± and 
£ 2 (0 0<C2<1) such that 
F = f(y + C k, z l w o * 1 ' 0 2 
or 
* t = klCpCx^y^+^k.^ + C^ V - p(xo + h 5y o + i:ik>zo + !: sl,t o)] . 
A mean value theorem (Theorem 3) is applied with respect to the first 
argument in order to infer the existence of a number 0s 0 < 0 < 1 such 
that 
? a = - hkl p x(x Q + 0h, y o + CJc, Z Q + C21) , 
the new equation analogous to Equation (37)* The remainder of the de­
rivation remains as given in Chapter IV, but the derivation of the dynam­
ical equations is greatly simplified in spite of the fact that some of 
the appeal to intuition has been lost. 
Although the method presented in Chapter IV may not be the best 
for deriving the dynamical equations of a perfect fluid, it serves to 
contrast an effective but laborious method with a more elegant procedures 
57 
and quite conceivably, the former approach may have more heuristic value 
in a completely unfamiliar problem* 
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APENDIX 
Theorem 2 (intermediate Value Theorem)* Let f be a real-valued and 
contiuous function on a closed interval [a^b] of the real line* Let c be any number such that f(x ) < c < f(xw). wher x and x.„ are i x m ~ — v M ' m M 
given in Theorm 1. Then there exists at least one number £ e [a.b] 
such that f (£) = c . 
Theorm 3 (Mean Value Theorem), Let f be real-valued and contiuous 
on a closed interval [a«b]# Supose further that f'(x) exists for 
every x e (a,b). Then there exists at least one number £ e (a,b) 
such that 
f ( b ) - f ( a ) = f'(c) [ b - a ] . 
Theorem 4 (intermediate Value Theorem). Let f be a real-valued func­tion, defined and contiuous on a connected set S in E • If f takes 7
 n 
on two diferent values in S, say C and D, then for each number £ 
betwen C and D there exists a point x e S such that f^x) = £ » 
THEOREMS CITED IN THE TEXT 
Theorm 1. Let f be a real-valued function whic  is contiuous on a 
closed interval [a,b] of the real line* Then there exist numbers 
xm and x^  in [a,b] such that f(x) > f(x ! and f(x) < f(x^) for 
al x e [a-b]. 
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Theorem 5 (Mean Value Theorem for Multiple Integrals). Let f be a 
real-valued function defined and bounded on a bounded, -Jordan-measurable 
set S in E • Let m — inf f(S) and M = sup f(s). Then there exists 
a real number X in the interval [m,M] such that 
f f(x) dx = c(S) ' X 
where c(S) is the Jordan measure of the set S. 
Remark* Consider the case of a double integral of a continuous function-
over a bounded connected set S in E • Then X is the "average 
2 3 
value" of the function on S. By Theorem 4, there exists a point (x ;,y ) 
e S such that X = ^ ^ x 0 ^ y 0 ^ a n c* 
J J f(x,y) dA = f(x0,yQ) A. 
S 
Thus f assumes its average value at a point ( x 0> v 0) £ S, and this 
average value is given by 
f(xo,yQ) = j J J f(x,y) dA, A * 0 . 
S 
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